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We conjecture a hypergeometric identity related to Apéry-like rational approximations to
ζ (4).
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For each n = 0, 1, 2, . . ., consider the following two rational functions:
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Problem 1. Prove that the following equality is valid for any n ≥ 0:
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The series on the left-hand side is the sequence unζ (4) − vn, n = 0, 1, 2, . . ., of rational approximations to ζ (4); both
the un and vn satisfy the Apéry-like recursion [1]
(n+ 1)5un+1 − 3(2n+ 1)(3n2 + 3n+ 1)(15n2 + 15n+ 4)un − 3n3(3n− 1)(3n+ 1)un−1 = 0 for n ≥ 1,
with the initial data u0 = 1, u1 = 12 and v0 = 0, v1 = 13.
I The problem was presented at the 9th Conference on Orthogonal Polynomials, Special Functions and Applications (Marseille, France, July 2–6, 2007).
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Concerning the right-hand side of (1), write
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In view of (2) we see that
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The equality un = u˜n (cf. (3)) for any n ≥ 0 was first established in [2] (see also [3]). I have verified the equality vn = v˜n
(using the recursion for vn and the representation (4) for v˜n) up to n = 100. This has led me to the expectation (1).
The series on the left-hand side of (1) is a special case of a general 9F8 very-well-poised balanced hypergeometric series [4,
Section 6.8]. In [1] I explain how the transformation group (of order 51840) allows one to derive a new irrationality measure
for the number ζ (4) = pi4/90modulo a certain arithmetic conjecture on denominators of the approximations. The solution
to the following problem could be used to prove this arithmetic conjecture.
Problem 2. Find and prove an extension of identity (1) with a general 9F8 very-well-poised balanced hypergeometric series
on the left-hand side.
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